In this paper we use the equation of state (EOS) of 2+1 flavors Nambu-Jona-Lasinio (NJL) model to study the structure of compact stars. To avoid the ultraviolet divergence, we employ the proper-time regularization (PTR) with an ultraviolet cutoff. For comparison, we fix three sets of parameters, where the constraints of chemical equilibrium and electric charge neutrality conditions are taken into consideration. With a certain interpolation method in the crossover region, we construct three corresponding hybrid EOSs but find that the maximum masses of hybrid stars in the three different cases don't differ too much. It should be pointed out that, the results we get are in accordance with the recent astro-observation PSR J0348+0432, PSR J1614-2230, PSR J1946+3417.
I. INTRODUCTION
It's known that the equation of state (EOS) plays a critical role in the study of the structure in compact stars, in which the study of the gravitational mass-radius (M-R) relation is a frontier. If an EOS is given, then combining with the famous Tolman-Oppenheimer-Volkoff (TOV) equations, the M-R relation of a compact star can be derived. Given that the hybrid star is a neutron star with a crust of hadronic matter even hyperonic matter in low density and low temperature, the core is strong interacted quark matter in low temperature and relatively high density, which we have to use Quantum Chromodynamics (QCD) to deal with. However, the perturbation theory is invalid here because of the strong interaction and low energy, thus a nonperturbative theory is needed for this problem. As it is known that the Lattice QCD (LQCD) [1, 2] is one of the most reliable approachs to solve the problems of the QCD, however, it doesn't allow to perform calculations at finite baryon chemical potential with three colors because of the "sign problem", therefore we have to choose an effective model to deal with the EOS of the quark core. There are various alternative effective models for us, such as the NambuJona-Lasinio (NJL) model [3] [4] [5] [6] , the Dyson-Schwinger equations (DSEs) [7] [8] [9] [10] [11] [12] and the Quantum Electrodynamics in 2+1 dimensions (QED 3 ) [7, [13] [14] [15] . In this paper,we choose the NJL model to study the EOS of the quark matter, since the NJL Lagrangian has many good properties. To be specific, it possesses the feature of dynamical chiral symmetry breaking (DCSB). As we all know, the NJL model can't be renormalized for its four-fermion and six-fermion contact interaction in the Lagrangian. To remedy the shortage, therefore, people usually impose an momentum cutoff on the related in- * zonghs@nju.edu.cn tegrals, like the three-momentum cutoff regularization. In this work we will adopt the proper-time regularization (PTR) [3, 6, [16] [17] [18] with an ultraviolet (UV) cutoff, which can not only make the momentum integral up to infinity but also avoid the UV divergence with a "soft" cutoff. What's more, compared with other regularization frames, PTR also has these features : it's covariant and has an O(3) symmetry for µ = 0, while for the limit µ → 0 the O(4) symmetry is restored.
As to the region between the core and the crust of hybrid stars, some authors think that there is a first-order phase transition, while the others argue that there could be a crossover. Recently, the smooth phase transition has been used to study hybrid stars with high mass. But until now, the order of it at zero temperature is still a problem undetermined. In some recent works [19, 20] , the first-order phase transition from Maxwell or Gibbs construction is widely adopted, and the exist of the "mass twins" in the mass-radius relationship for compact stars also seems like to support this viewpoint [21] . However, in astro-observation, it's very difficult to determine the radius of a compact star exactly, thus the "mass twins" can't be find easily. On the other hand, some papers propose that the "mass twins" can also exist in the case of smooth phase transition [22] . In addition, the LQCD shows that the transition line for low net baryon is a crossover [2, [23] [24] [25] , but model dependent for low temperature and large baryon density. With respect to the phase diagram of the transition, many people consider that there will be a critical end point (CEP), but others do not. Actually, whether there is a CEP and where it is located are still unsolved theoretically. In the Ref. [26] , the authors suppose that there is no phase transition but a crossover in the whole phase diagram if the vector interaction is strong enough. What's more, in the Gibbs condition, it's not so reasonable to treat the point-like hadron, which is composed of quarks and gluons, as an independent degree of freedom in the transition region. The fact, thus, supports the study of smooth phase tran-sition in hybrid stars. In recent years, there are some papers studying the massive hybrid stars, which exactly use the smooth crossover as well as different interpolation functions in the phase transition region [27] [28] [29] , while many of these papers have obtained a good result, namely, a phenomenological consequence of the hybrid stars compatible with two solar mass. In this paper, we demonstrate that there are no conspicuous effects on final results among different interpolation methods.
In this paper, we utilize a new EOS from a recent work [30] which uses the 2+1 flavors NJL model with PTR to study the EOS and obtains a soft EOS for quark matter. After solving the TOV equations, we get the structure of the hybrid stars, which supplies a maximum mass of hybrid stars approximate to 1.9 times of solar mass with the range of radii from 10.8 to 11.2 kilometers. It's significant that the result confirms to the recent measurement and study of PSR J0348+0432, PSR J1614-2230, PSR J1946+3417 [31] [32] [33] [34] . On the other hand, the result is insensitive to the choice of the parameters, which illustrates that the model we use is robust in this study. The following of the paper is organized as follows. In Sec. II, we introduce the new EOS of 2+1 flavors NJL model. In Sec. III, a certain interpolation method is used to construct the hybrid EOS which has a smooth phase transition, and for comparison, we apply three sets of parameters to obtain three corresponding hybrid EOSs. Then the M-R relation is deduced in this section. Finally, a brief discussion and summary is given in Sec. IV.
II. THE EOS OF QUARK MATTER WITH 2+1 FLAVORS NJL MODEL AND PTR
In this section, we briefly introduce the EOS of 2+1 flavors NJL model with PTR. We can write down the Lagrangian of 2+1 flavors quark system which contains both four-fermion and six-fermion interaction as follows,
here K
Gell-Mann matrix and λ 0 is defined as 2 3 I where I is the identity matrix. G and K represent four-fermion and six-fermion interaction coupling constant respectively, N c = 3 means there are three colors and L mass is the mass term in the Lagrangian. The S i , i=u, d, s denotes the quark propagator of flavor i, which has a relation to the constituent quark mass M i in the following,
Then we can derive the gap equation,
here the symbol ψ ψ u and ψ ψ s represent u and s quark condensate separately (we omit the gap equation of d quark because in our 2+1 flavors NJL model, there is an isospin symmetry between u and d quark, thus their constituent quark mass as well as the quark condensate are equal to each other). According to the definition, the quark condensate can be written as
Here the trace "Tr" is taken in Dirac and color spaces. Until now, the calculations are all done in Minkowski space. However, the non-perturbative theories are often proposed and operated in Euclidean space such as LQCD, because the zero chemical potential Euclidean QCD action defines a probability measure, for which many numerical simulation algorithms are available. Furthermore, working in Euclidean space is more than simply pragmatic: Euclidean lattice field theory is currently a primary candidate for the rigorous definition of an interacting quantum field theory and that relies on it being possible to define the generating functional via proper limiting procedure [8] . So we have to translate our calculations from Minkowski space to Euclidean space. And because NJL Lagrangian can't be renormalized, we in-troduce the PTR, which is defined as
Then Eq. (5) becomes
where the superscript E means in Euclidean space. In order to proceed the following study, we should determine the parameters: two coupling constants, two integral limits, two constituent quark masses (i.e., M u and M s , because in SU(2) f symmetry, M u = M d , but M s is much larger than M u and M d ) and one adjustable parameter namely u quark condensate. Specifically, we fit the five of these parameters with five equations and five experimental observable dates, while the other two parameters (the infrared momentum cutoff Λ IR =235 MeV and the u quark condensate) are fixed before the fitting. According to QCD sum rules and the results of LQCD, the u quark condensate is in the range of -(220 MeV) 3 →-(280 MeV) 3 , thus we choose three point to fix the parameters, namely ūu | T =0,µ=0 = −(230 MeV) 3 , ūu | T =0,µ=0 = −(250 MeV) 3 and ūu | T =0,µ=0 = −(270 MeV) 3 . On the other hand, we choose f π =90 MeV, M π =135 MeV,
MeV from the experimental data. Then we fit the parameters to get the following results demonstrated in Table. I 1 . chemical potential, which will make some difference. In Euclidean space, introducing the chemical potential at zero temperature is equivalent to perform a transformation [35] that
Then we can obtain the analytical result of quark con-densate as follows,
here
We can see that the quark condensate is a function of its constituent mass and the chemical potential. Particularly, when µ < M i the quark condensate will be independent of chemical potential, which is the same as Ref. [36] . Actually, if we substitute Eq. (9) to Eq. (3) and (4) and solve the iteration equation, we can obtain the constituent quark mass only dependent on the chemical potential.
It's known that the quark number density depends on the chemical potential at zero temperature, which is derived in the following
As we have already got the chemical potential dependance on constituent quark mass, thus we can generalize the same dependance on quark number density, the result of which is shown in Fig. 1 and Fig. 2 with parameters fixed at −( ūu ) If we take the electroweak reactions into account, we have to consider the constraints of chemical equilibrium and electric charge neutrality conditions, is ρ e (µ e ) = µ 3 e 3π 2 . Now we can conclude that the three quark number densities are all dependent on the chemical potential of one flavor, which we choose u quark chemical potential in this paper.
By definition, the EOS of QCD at zero temperature and nonzero chemical potential is [37] 
and the relation between the energy density of the system and its pressure is expressed as [38, 39] 
III. THE STRUCTURE OF HYBRID STARS WITH AN EOS OF SMOOTH PHASE TRANSITION
In convention, if one wants to study the structure of a bare quark star, solving the Tolman-OppenheimerVolkoff (TOV) equations with an EOS is necessary, dp(r) dr
In this paper, we choose the APR EOS with A18+δν + U IX * interaction as the EOS of hadronic matter [40] , which is proposed using the Argonne ν 18 two-nucleon interaction and boost corrections to the two-nucleon interaction as well as three-nucleon interaction. In other words, the system of the APR model is considered as the charge-neutral and beta-stable fluid whose pressure and baryon chemical potential are equilibrated. Nonetheless, the APR model only considers the degrees of freedom in nucleon system but excludes hyperons because of their unknown interactions. On the whole, the APR model provides a reasonable EOS of hadrons which are only composed of light quarks.
It's noticed that there is still a problem not solved yet, namely, the determination of the term P (µ = 0) in Eq. (12) , which is irrelevant to the chemical potential as we can see. Actually, P (µ = 0) represents the pressure of the vacuum, which can't be calculated in a model independent way. Therefore we treat it as a phenomenological parameter standing for the negative pressure of vacuum at zero chemical potential, which manifests the confinement of QCD just as what MIT bag model does. But the ascertaining of the term P (µ = 0) should be legitimate. Like the Ref. [41] we identify P (µ = 0) with -B (B is the vacuum bag constant) and choose B = (120 MeV) 4 . In fact, a smaller B can make the EOS stiffer and the upper limit of mass higher. However, to make sure that the energy of quark matter not smaller than hadronic matter in the region of low baryon number density, it's not appropriate to select an excessively small B.
The next step is to choose a suitable interpolation function to generate a smooth phase transition between hadronic matter phase and quark matter phase. In the Ref. [42] , the authors use the P-interpolation and ǫ-interpolation in P-ρ and ǫ − ρ plane respectively, and in the Ref. [41] , the authors also use P-interpolation but in P-µ plane. In our work, we choose the interpolation method same with the Ref. [41] . For detailed, the interpolation function is defined as follows,
here P H and P Q are the pressure in hadronic matter and quark matter respectively. The interpolation functions f ± are companied with P H and P Q to realize a crossover in the phase transition region. The windowμ − Γ < ∼ µ < ∼μ + Γ characterizes the range of the crossover region where both hadrons and quarks are strong interacted, so that neither pure hadronic EOS nor quark EOS are reliable, and in this paper we choose Γ = 0.4 GeV . As 3 , the EOS of hybrid system is shown with the green dashed line which is obtained by an interpolation function of hadronic matter EOS and quark matter EOS in the crossover region we can see in Fig. 3 , when parameters fixed in Table. I, the phase transition points are around the intersection of quark EOS curves and hadronic EOS curves, i.e., the baryon chemical potential µ B = 1.3 GeV, 1.4 GeV and 1.5 GeV respectively. Thus in this paper we choose the baryon chemical potential from 1.1 GeV to 1.9 GeV as the crossover region. Given the baryon number density of normal nuclear matter ρ 0 = 0.17 fm −3 , the boundary of the crossover region should correspond to 2.8ρ 0 and 5.9ρ 0 , which is labeled in Fig. 3 . Actually, compared with the binding energy of quarks system and hadrons in APR model which are depicted in Fig. 4 , when ρ B < 7 × 10 6 MeV 3 (namely, 5.15 ρ 0 ), the hadron system is more stable than quarks system. On the contrary, when ρ B > 7 × 10 6 MeV 3 , the quarks system is more stable. Therefore it's reasonable to employ the interpolation method in this paper.
With the method mentioned above, we can now deduce the EOS of the whole region, for example, the Fig. 5 when ūu | T =0,µ=0 = −(230 MeV)
3 . It's obvious that when µ B <1.5 GeV, the EOS of the hybrid system (dotted line) is near the EOS of the hadronic matter (dashed line), but when µ B >1.5 GeV it's close to the EOS of quark matter (solid line), the result of which is similar to the other two cases when ūu | T =0,µ=0 = −(250 MeV) 3 and ūu | T =0,µ=0 = −(270 MeV) 3 . Furthermore, because the range of the window we choose in this paper is rather small than the corresponding one of the Refs. [41, 42] , the hybrid EOS will be more reasonable to the real hybrid stars which are usually predicted to have a layer of tens of meters. Through the result obtained in Fig. 5 , we can also get the relation between energy density and baryon chemical potential as well as the relation between energy density and pressure in Fig. 6 and Fig. 7 .
In this work, to investigate the rationality of the hybrid EOS, we also calculate the sound velocity of it, which can reflect the stiffness of the system. According to the definition, the sound velocity of a system is ν s = dp dǫ ,
which is actually concerned with the slope of P (ǫ) function. In principle, the sound velocity should be smaller than light, and a smaller sound velocity corresponds to a softer EOS. As we can see in Fig. 8 , the sound velocity of hadron system in APR model is larger than light when the energy density is lager than 8 × 10 −3 GeV 4 , which is not reasonable in reality, while for the hybrid EOS, when ūu | T =0,µ=0 = −(230 MeV) 3 , the sound velocity is always smaller than 0.4 times of light velocity.
In the end, we substitute the three hybrid EOSs into the TOV equations and integrate them to get the M-R relation of the hybrid stars which is shown in Fig. 9 . In this Figure, ). It's noted that the result confirms the recent astro observation PSR J0348+0432, PSR J1614-2230, PSR J1946+3417 that the pulsars are measured the 2.01 ± 0.04, 1.928 ± 0.017, 1.828 ± 0.22 solar mass respectively [31] [32] [33] [34] . And we can see that the maximum mass in these three cases do not differ too much, which illustrate that our model and result are parameter-insensitive. By the way, there is not only one interpolation method to get the EOS of hybrid stars [29] , however, a different interpolation method doesn't make a big difference because the interpolation function should be smooth at the boundaries of the interpolating interval. So in the crossover region, the EOSs of the hybrid stars with different interpolation methods will not differ widely.
IV. SUMMARY AND DISCUSSION
In this paper, we introduce the EOS of 2+1 flavors NJL model with PTR, then choose three sets of parameters to calculate the EOS respectively for comparison, namely, the parameters fixed with u quark condensate of −(230 MeV) 3 , −(250 MeV) 3 and −(270 MeV) 3 at zero chemical potential and zero temperature. After a series of calculations, we obtain the EOS with a property of crossover in the phase transition region. Then combined with APR model of the hadronic matter and an interpolation method in the crossover region, we get three hybrid EOSs corresponding to three different parameter sets. Finally, the TOV equations are integrated and the M-R relation is obtained. By analysis, the maximum masses corresponding to three hybrid EOSs don't have much difference, which reflects that the choices of the parameters don't play an important role and the result is solid. On the other hand, although the EOS we introduce in this paper is relatively soft, the maximum mass of hybrid stars we deduce is around 1.9 times of solar mass. Above all, it's significant that our study accords with the new measurement and progress in astro study that the neutron-star mass distribution is much wider than previously thought, with three known pulsars now firmly in the 1.9-2.0 solar mass range [31] [32] [33] and the radii in the 10-11.5 km range [34] .
